Abstract: Within the validity of the first-order Born approximation, we study the spectrum changes generated by the scattering of light with a tunable spectral degree of coherence (SDOC) from a spatially deterministic medium. Before interacting with the medium, a scalar plane wave is incident upon Young's pinholes, which are employed to produce the incident wave with a tunable SDOC. By assuming that both the scattering potential of the medium and the spectrum of incident plane waves obey Gaussian profiles, the spectrum of the scattered field is derived as a linear combination of Fourier transforms of the scattering potentials. Changes in the spectrum of the scattered field are strongly dependent on the scattering angle, the effective radius of the medium, and Young's pinhole parameter. Moreover, red shifts occurring in the scattered field can be enhanced by either reducing the scattering angle or increasing the effective radius. The results presented here generalize the previous reports, where the light with prescribed functions of the SDOC scattered from a deterministic medium was considered.
Introduction
Over the past few decades, the spectrum of light has attracted considerable research interests due to its broad applications in probing biological tissues [1] - [4] , detecting embedded alien objects [5] and scattering potentials of various random medium [6] - [8] . Wolf et al. showed that the spectrum of light radiated from a partially coherent source can exhibit either the red-shifted or blue-shifted profile as it propagates in free space [9] . Relying upon the phenomenon, they proposed a "scaling law" which guarantees the invariance of spectrum of light propagating in free space. Later, this law was further extended to the cases where electromagnetic waves propagate in free space [10] , turbulent atmosphere [11] , and quasi-homogeneous (QH) medium [12] were investigated. It was indicated that changes of the spectrum of a scattered field were induced by correlation effects of the medium whose scattering potential is reconstructed by specific approaches [13] .
The above-mentioned studies also raised research interests in exploring spectral properties of light which scatters upon a spatially random or deterministic medium. It was shown that the spectrum of a scattered field is affected by statistics of incident fields or medium. For instance, the frequency shifts in spectral lines, which can be produced by the scattering of light upon a spatially random [14] - [16] and deterministic [17] medium, were analyzed through quantitative approaches. Sufficient conditions were obtained to enable the invariance of the spectrum of a far-zone scattered field [18] , [19] . In addition, spectrum changes of light scattered from a collection of particles were concerned [20] - [22] . It was exhibited that a spatially anisotropic QH medium was able to produce spectral shifts in a scattered field [23] , [24] . Moreover, researches were focused on the spectral shifts and spectral switches of a scattered field, which were generated by the scattering of a spatially coherent wave from a collection of particles [25] .
More importantly, aforementioned studies are helpful in solving the inverse scattering problem since the spectrum of a scattered field can be utilized to reconstruct the scattering potential of a particulate medium. It was reported that the spectral density of a scattered field is crucial to determine the correlation function of a variety of medium [7] , [26] - [29] . Even though the scattering theory of light waves from a spatially deterministic or random medium, to the best of our knowledge, was confined in the situation, where the scattering of light with prescribed SDOC was concerned. However, light beams encountered in practical situations commonly occupy complicated properties of the SDOC. To address such scattering of light in a more generalized manner, we intend to explore the scattering mechanism of light with tunable SDOC from a spatially deterministic medium. To date, no literature has addressed on such issue. In this paper, we primarily concentrate on the spectral shifts of light scattered from such medium. As a particular approach, Young's pinholes are employed to block a plane wave to produce the incident light with a tunable SDOC.
The framework of this paper is organized as follows. In Section 2, we introduce the scattering theory of a scalar wave with adjustable SDOC from a spatially deterministic medium. Meanwhile, Young's pinholes are employed to block an incident plane wave to adjust the SDOC. Then, in Section 3, the spectrum of a scattered field is derived within the accuracy of the firstorder Born approximation. Numerical results are presented in Section 4, which reveal the dependences of spectral shifts of a scattered field on the effective radius and the Young's pinhole parameter (YPP). Potential prospects are highlighted and concluding remarks of our results are outlined in the final section.
Generation of Incident Light With Tunable SDOC by Using Young's Pinholes
To begin with, we first consider the generation of incident fields with tunable SDOC. As a novel approach, here we use Young's pinholes to block a completely coherent plane wave. The schematic diagram for generating the incident light with tunable SDOC is shown in Fig. 1 . We assume that a plane wave is incident on an opaque screen A, where two pinholes Qð * r 1? Þ and Qð * r 2? Þ are symmetrically located with respect to the z axis. The plane wave transmits through Young's pinholes and propagates continually until it interacts with a spatially deterministic medium. Note that Young's pinholes serve as a secondary source which produces perfect spherical waves. To better understand the role of Young's pinholes in modulating the SDOC of incident waves, we especially refer to the following quantities (see Fig. 1 are the scattering angles. To clearly illustrate position vectors used for our analysis, the diffractive beam generated from the pinhole screen can be regarded as a secondary source, whose origin can be placed on the center of two pinholes. Accordingly, the origin of the medium is chosen within the scatterer volume. As a result, all position vectors of both scattered and diffractive fields can be represented by using the two introduced origins. hU ðiÞ ð
represents the ensemble average of a statistically stationary incident field, while hU ðf Þ ð
represents the averaged electric field of the transmitted wave. According to the elementary wave theory of light propagating through Young's pinholes, the transmitted fields behind pinholes are given by the following forms [30] , [31] :
where R (, ¼ 1, 2) is the radial distance between Pð (1) and (2), the electric field of incident plane waves occupies the following expression:
where að!Þ is the spectral amplitude which may depend on the frequency, * s 0 is the unit vector which denotes the propagation direction of plane waves. Considering that the incident field is statistically stationary in the space-frequency domain, at least in the wide sense, we recall the crossspectral density function (CSDF) of a light field
where the asterisk stands for the complex conjugate, the angular bracket denotes the ensemble average over the entire electric field. Upon substituting from (1)- (3) into (4), the CSDF of the transmitted wave can be obtained
where
is the spectrum of incident plane waves. To further simplify our analysis, some approximations can be adopted to rewritten (5) . We assume that the dimensional size of the scatterer is sufficiently small. Also, the radial distance between the opaque screen and the medium should be sufficiently large compared with either the pinhole space d or the medium's size D s . As a consequence, the following approximation can be made to the denominator of (5):
Due to the fact that Young's pinholes are symmetrically located with respect to the z axis, the following relation holds valid:
Moreover, the medium is sufficiently small of its size, the diffractive light that interacts with the scatterer has relatively small divergent angle and can be considered as a paraxial beam. As a consequence, the exponential terms in the numerator of (5) fall under the paraxial approximation of transmitted light waves [31]
is the projective vector of * r 0 j onto the screen, R denotes the radial distance between the screen and the medium. In (9)- (12) and subsequent analyses, we particularly introduce a unit vector * k 0 which is perpendicular to the wave vector * s 0 , as shown in Fig. 1 . Importantly, we note here that more conditions on the medium must be fulfilled if we utilize (9)- (12) . In the appendix, we show the detailed derivation of (9)- (12) and obtain the conditions which must be satisfied to validate our results. Next, if we substitute (7)-(12) into (5), the CSDF of the transmitted wave results in the following vectorial expression:
Equation (13) is made up of three exponential terms. On the right-hand side of the equation, the first term inside the brace is contributed by the diffraction of incident plane waves from each pinhole, while the second and third terms are induced by the interference of plane waves by Young's pinholes. Apparently, it is observed from (13) that * k 0 does not change with varying locations of position vectors
, and it remains as an independent quality, so the introduction of such unit vector will not influence the integration result of (13) .
Equation (13) is one primary result of this paper, which provides insights into understanding how the SDOC of transmitted waves varies by changing the factor d =R, which can be named as the Young's pinhole parameter (YPP). By observing (13) , the CDSF of the transmitted wave fails to express as a product of two independent terms which are specified at position vectors 
stands for the spectrum of the transmitted wave. By substituting (13) into (14) and (15), respectively, the SDOC of the transmitted wave results in the form
As an alternative expression, (16) can be further simplified as
Notably, it is observed from (16) and (17) It is noticed that the SDOC exhibits oscillations, and its value is bounded between zero and one. Also, the SDOC is substantially affected by changing the YPP. Interestingly, the SDOC broadens and displays less oscillations as the YPP reduces from d =R ¼ 1 to d =R ¼ 0:2. For a relatively large YPP, e.g., d =R ¼ 1, the SDOC oscillates intensively with an extremely short period, which facilitates the generation of interference patterns on the opaque screen. Fig. 2 intuitively verifies our statement that the SDOC of the transmitted wave is controlled by changing the YPP.
On the other hand, it was reported that the SDOC of light transmitted from obstacles can be adjusted by changing the YPP and properties of incident fields [33] , [34] , so we conclude that the SDOC in the transmitted field is controlled by Young's pinholes. As an essential contribution, we have performed studies on how spectral shifts and spectral switches of scattered field behaved when a light wave with arbitrary SDOC scattered upon a quasi-homogeneous (QH) medium [35] . In this paper, we utilize Young's pinholes to generate the transmitted wave with tunable SDOC (can be either partial or completely coherent) before scattering upon a spatially deterministic medium. Remarkably, the YPP is a crucial factor, as it not only adjusts the SDOC of incident fields, but also modifies the spectrum of scattered field (we shall refer to these effects in Section 3).
Scattering of Transmitted Waves Upon a Spatially Deterministic Medium
In this section, we primary focus on the scattering of transmitted waves upon a spatially deterministic medium. First, assume that the light scattered from the medium is so weak, therefore it can be treated by using the first-order Born approximation [23] , [36] , [37] W ðsÞ r 1 
By substituting (13) where k ¼ !=c is the wave number. For simplicity, (20) can be expressed as the sum of Fourier transforms of the scattering potential of the medium
2Þ (22) is the 3-D Fourier transform of the scattering potential of the medium, and
is the quantity analogous to the momentum transfer vector [17] , [32] . To obtain the spectrum of the far-zone scattered field, we substitute
where Re denotes taking the real portion of a function. Equation (24) exhibits that the spectrum of the scattered field can be represented as a linear combination of Fourier transforms of the scattering potential. It can be seen from (24) that the spectrum of the scattered field is strongly dependent of the effective radius of the medium and the YPP. In addition, we notice that (24) composes of two independent Fourier transforms of the scattering potential. On the right-hand side of the equation, the first term inside the brace is contributed by the scattering of diffractive waves from pinholes, while the second term results from the scattering of interferential waves from pinholes.
Based on (24), numerical computations can be performed to study the dependences of the spectrum of the scattered field upon the effective radius and the YPP.
Numerical Results and Discussions
In this section, we aim to investigate the properties of spectrum of the scattered field through numerical simulations. Particularly, close attentions will be paid to the dependences of the spectrum of the scattered field on the effective radius of the medium and the YPP. To simplify our analysis, it is assumed that the spectrum of incident plane waves occupies the Gaussian profile [7] , [17] 
where B, ! 0 and À 0 are positive constants which may be independent of the frequency. In addition, we also suppose that the scattering potential of the medium also suffices the Gaussian distribution [17] 
where A is a constant, stands for the effective radius of the medium. By substituting (26) into (22), the Fourier transform of the scattering potential of the medium is obtained as
Substituted by (23), (27) can be further rewritten as the following form:
where j is the scattering angle. As a result, the spectrum of the scattered field yields from substituting (25) and (27) into (24) S ðsÞ ðr
Next, let us recall the definition of the normalized spectrum of a scattered field [9] - [12] 
Equations (29) and (30) allow us to study properties of the normalized spectrum of the scattered field by changing , d =R and , respectively. As the uniform parameters, ! 0 ¼ 3 Â 10 15 sec À1 , À 0 ¼ 0:01 ! 0 , 0 ¼ 630 nm, ! 2 ½3:2 Â 10 15 sec À1 ; 3:654 Â 10 15 sec À1 , unless stated otherwise. Fig. 3 displays the dependences of the normalized spectrum of the scattered field on the effective radius of the medium, while the scattering angle is chosen as (a) ¼ 0 and (b) ¼ =2, respectively. The YPP is kept fixed as d =R ¼ 0:5. For comparison, the normalized spectrum of incident plane waves is also plotted as the real curves. It is noteworthy that the central peak position of the spectrum of the scattered field shifts toward a lower frequency. It means that the spectrum of the scattered field exhibits the red-shifts in spectral lines as the transmitted wave scatters upon the medium. In addition, it is interesting to note that either the increment of the effective radius or the reduction of the scattering angle is able to enhance the red-shift extents of the scattered spectrum. Fig. 4 depicts the dependences of the normalized spectrum of the scattered field on changes of the scattering angle, while the effective radius is chosen as (a) ¼ 0 and (b) ¼ 2 0 , respectively. The YPP is kept fixed as 0.5. It is noticed that the spectral profiles are consistent with those presented in Fig. 3 . The frequency shifts in spectral lines of the scattered field are largely enhanced as the effective radius grows or the scattering angle reduces. Due to the effects of these parameters, the spectral profile of the scattered field entirely differs from the spectrum of incident plane waves.
To further reveal the influence of Young's pinholes on spectral properties of the scattered field, Fig. 5 is plotted to show the dependences of the normalized spectrum of the scattered field on the YPP, while the scattering angle is chosen as (a) ¼ 0 and (b) ¼ =2, respectively. Throughout the simulation, the effective radius of the medium is kept fixed as ¼ 2 0 . From  Fig. 5 , we notice that the spectrum of the scattered field entirely differs from the spectrum of the incident plane wave for the forward-scattering case ð ¼ 0Þ. Furthermore, it is displayed that such result is valid regardless of the changes of the YPP. However, it becomes invalid if the side-scattering case ð ¼ =2Þ is considered. When ¼ 0 is satisfied, the central peak position of spectral lines shifts toward a lower frequency as the YPP increases. By contrast, such phenomenon disappears if ¼ =2 is considered. It should be stressed that the spectral shifts appeared in Fig. 5 are induced by changes of the SDOC of the incident field. When the YPP varies, the SDOC of the resultant diffractive field accordingly changes. As shown by Fig. 2(a) , the SDOC of the diffractive field occupies more intensive oscillations for larger value of the YPP. Because an incident light with larger SDOC can produce the scattered spectrum displays a more evident spectral shift [14] - [16] , as a result, the scattered spectrum observed at the forward-scattering direction has the maximum spectral shifts for the incident field with larger oscillations of the SDOC. This is why the scattered spectrum shifts farthest towards the small frequency when the pinhole space is comparable to the propagation distance D=R ¼ 1. Conversely, the scattered spectrum observed at the side-scattering direction occupies the minimum spectral shifts because the SDOC has the least oscillations. These remarkable results indicate that the spectrum changes of scattered field is generated by the coherence effects of incident light, which is flexibly controlled by using a Young's scattering system, as shown in Fig. 1 . As the final remark, it is emphasized that the spectral shifts of scattered field can be modulated by changing the effective radius of the medium, the scattering angle and the YPP, respectively. Figs. 3 and 4 show that the increment of the effective radius of the medium reinforces the red shifts of the spectrum of the scattered field. In addition, Fig. 5 indicates that the red-shifts of the spectrum become more evident when the scattering angle grows up. The physical origin for these phenomena can be explained like this: the larger effective radius means that the medium occupies larger refractive indices. As a result, the scattering effects can be greatly enhanced if the effective radius of the medium increases. By contrast, the increment of the scattering angle largely weakens the scattering effects. This is why the spectrum of the scattered field becomes less red-shifted when either the effective radius reduces or the scattering angle increases.
In addition to the above discussions, it is anticipated that changes of the spectrum of a scattered field may provide valuable information to reconstruct the scattering potential of a deterministic medium, if the effective radius can be extracted from (29) and (30) . Although Young's pinholes are commonly applied in optical experiments, we first utilize it to study the scattering of light waves with adjustable SDOC upon a deterministic medium. The role of Young's pinholes here is to modulate the SDOC of incident plane waves. It is notably that our results entirely differ from those presented in previous findings [20] - [25] , where the scattering of light with specified SDOC was concerned. Further researches can be planned to extend our study, for example, setting up Young's experiments to verify our simulation results. Our findings also show potential interests to the study of guided wave resonators [38] , [39] , where the weak scattering may be employed as a key measure for sensor detection applications.
Conclusion
In summary, we investigate the spectral properties of the light, which is generated by the scattering of a wave with a tunable SDOC from a spatially deterministic medium. As a novel approach, Young's pinholes are employed to control the SDOC of the diffractive wave. Within the validity of the first-order Born approximation, the spectrum of a far-zone scattered field is derived as a linear combination of Fourier transforms of the scattering potential. The dependences of the normalized spectrum of the scattered field on the effective radius, the scattering angle and the YPP are exhibited through numerical simulations. It is found that the spectral profiles in the scattered field entirely differ from the spectrum of incident plane waves. In addition, we notice that the spectral shifts of the scattered field can be largely enhanced by either increasing the effective radius or reducing the scattering angle. Furthermore, the spectral profiles of the scattered field are susceptible to changes of the YPP. These results are of potential applications to the determination of the scattering potential of a deterministic medium, if the effective radius can be extracted from scattering equations. By using similar approaches, we can also obtain the following approximations: 
Equations (A7)-(A10) are consistent with (9)- (12) shown in Section 2. Alternatively, (A7)-(A10) can be rewritten as the following forms:
Substituted from (7) and (8) and (A11)-(A14), (5) eventually results in (13) , which represents the CSDF of the diffractive wave from Young's pinholes.
